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Abstract 

It is sometimes stated in the literature that the quantum anomaly 
is regarded as an example of the geometric phase. Though there is 
some superficial similarity between these two notions, we here show 
that the differences bewteen these two notions are more profound and 
fundamental. As an explicit example, we analyze in detail a quan- 
tum mechanical model proposed by M. Stone, which is supposed to 
show the above connection. We show that the geometric term in the 
model, which is topologically trivial for any finite time interval T, cor- 
responds to the so-called "normal naive term" in field theory and has 
nothing to do with the anomaly-induced Wess-Zumino term. In the 
fundamental level, the difference between the two notions is stated 
as follows: The topology of gauge fields leads to level crossing in the 
fermionic sector in the case of chiral anomaly and the failure of the 
adiabatic approximation is essential in the analysis, whereas the (po- 
tential) level crossing in the matter sector leads to the topology of the 
Berry phase only when the precise adiabatic approximation holds. 

1 Introduction 

In quantum field theory the quantum anomaly plays an important role to 
test if a specific classical symmetry in question is really preserved in quantum 
theory [1, 2, 3, 4]. The quantum anomaly also predicts some novel phenomena 
which are not expected by a classical consideration, for example, the baryon 
number violation in the Weinberg-Salam theory [5]. In some special cases of 
chiral anomaly, one can summarize the effects of the quantum anomaly in 
the form of an extra Wess-Zumino term [6] which is added to the starting 
Lagrangian. 

On the other hand, it has been recognized that one obtains phase factors 
in the adiabatic treatment ( such as in the Born-Oppenheimer approxima- 
tion) of the Schrodinger equation which depends on slowly varying back- 
ground variables [7] -[17]. These phases are called "geometric phases", and 
they are generally associated with level crossing. Although the manner of ob- 
taining geometric phases is quite different from that of quantum anomalies. 



it is sometimes stated in the literature that the chiral anomaly is regarded 
kind of geometric phase [18, 19]. 
The notion of the geometric phase itself does not appear to be sharply 
defined at this moment. In the influential book by Shapere and Wilczek [20], 
various phase factors in physics which exhibit topological properties are dis- 
cussed together as geometric phases. It is important to synthesize various 
phenomena and notions into a unifying notion, but it is the opinion of the 
present author that this broad use of the scientific terminology could lead 
to confusions and mis-understandings in view of the wide use of geometric 
phases in various fields in physics today. This broad use of the terminology 
is closely related to the broad use of the terminology of "adiabatic approxi- 
mation" . The practical Born-Oppenheimer approximation, which provides a 
typical adiabatic approximation in physics, contains two quite different time 
scales but the slower time scale T measured in units of the time scale of the 
faster system is finite. In such a practical Born-Oppenheimer approximation, 
it is shown that the commonly referred Berry's phase, which is purely dynam- 
ical without any approximation, is topologically trivial and no monopole-like 
singularity at the level crossing point [21]. The notion such as holonomy is 
valid for the level crossing problem only in the precise adiabatic limit with 
oo [11]. 

The above properties of the geometric phase become quite clear in a 
recent attempt to formulate the geometric phase in the second quantized 
formulation [21]. This approach works in both of path integral and operator 
formulations, and the analysis of geometric phases is reduced to a simple di- 
agonalization of the Hamiltonian. The hidden local gauge symmetry, which 
arises from the fact that the choice of basis vectors in the functional space is 
arbitrary in field theory, replaces the notions of parallel transport and holon- 
omy [22]. By carefully diagonalizing the geometric term in the infinitesimal 
neighborhood of level crossing, it is shown that the topological property of the 
geometric phase is trivial in the practical Born-Oppenheimer approximation, 
where the period T of the slower system is finite, and thus no monopole-like 
singularity, as already stated above. This approximate topology in the geo- 
metric phase is quite different from the exact topology associated with gauge 
fields such as in the familiar Aharonov-Bohm effect [23]. We thus become 
somewhat suspicious about the claim on the equivalence of quite distinct 
notions such as quantum anomaly and geometric phase. The purpose of the 
present paper is to show that these two notions, namely, qiiantum anomaly 
and geometric phase, may have some superficial similarity to each other, but 
the differences in these two notions are more profound and fundamental. 

In the literature, the paper by M. Stone [18] is often quoted as an evi- 
dence of the equivalence of the quantum anomaly and the geometric phase. 
We thus explain the crucial differences between the geometric phase and 
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the quantum anomaly by taking the model by Stone ^ as a concrete exam- 
ple, though our analysis is valid for the more general model summarized in 
Appendix. We first analyze the problem from the point of view of several 
characteristic properties of the chiral anomaly ^, such as the failure of the 
naive manipulation and the failure of the decoupling theorem, on the basis of 
the explicit model in [18] and a corresponding field theoretical model which 
contains a true anomaly in Sections 2 and 3. We show that the interpretation 
of the geometric term in the model in [18] as the Wess-Zumino term, namely, 
a manifestation of quantum anomaly is untenable even in the precise adia- 
batic approximation. We then analyze the problem from the point of view of 
two key concepts involved in both of the chiral anomaly and the geometric 
phase, namely, level crossing and topology. By a careful examination of the 
statements made in the paper by Nelson and Alvarez-Gaume [24], we explain 
in Section 4 that the chiral anomaly and the geometric phase are completely 
different in the fundamental level. 



2 Quantum mechanical model; geometric phase 

We first recapitulate the model due to M. Stone[18]. The model starts with 
the Hamiltonian 

H= — -^in{t)-a (2.1) 

where n(t) is a unit vector specifying the direction of the "magnetic field" 
acting on the spin represented by the Pauli matrix a, and L generates the 
rotation of n{t). We analyze the mathematical aspects of the model (2.1) in 
this paper without asking the possible physical meaning of the specific model, 
which is explained in [18]. Partly referring to the second quantization, one 
can write the above Hamiltonian as 

H{t)^ — -i^^ixu{t)-ai^ (2.2) 

where the field ip stands for the two-component spinor. 

One may then write an evolution operator in the formal path integral 
representation [18] 

^It should however be emphasized that we are not criticizing the analysis of the ge- 
ometric phase itself in the model by Stone, which is essentially identical to the simplest 
example in [10]. 

^To make our analysis definite, we define the quantum anomaly as the even-dimensional 
chiral anomaly and the geometric phase as the phase associated with general level crossing 
which is summarized in Appendix. 
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= j VftDT/j^VT/jSiff - 1) 

X exp{^ / dt[^ + ^t-a.V' + V'V^(i) • ^^]} (2.3) 
n Jo 21 t 

or in the Euclidean formulation {t —it), we have 
j VfiVi)^V%)6{n^ - 1) 

X exp{- / dT[-—+ i/j^hdrip + i}'^iJin{T) - ail}]}. (2.4) 
n Jo 21 

Following Rcf. [18], we take this path integral as our starting point. 
This path integral is rewritten as 

J VnVilj'^Vil)'5(rf - 1) 

X exp{^ f dr[-^ + i:'\hdr + na^ + U{n{T))^hdrU{n{T)M]} 
n Jo 21 

= j VnVilj^Vilj5{n^ - 1) 

X exp{- / dr[-— + iP^hdr + i^as + U{n{T))^hdrU{n{T)))ij]} 
n Jo 21 



(2.5) 



when one performs a time-dependent unitary transformation (or a gauge 
transformation) 

^(r) = [/(n(r))^'(r), 

^t(^) = ,p'\T)U\n{T)) (2.6) 

with 

U{n{T))^n{T)aU{n{T)) = \n\a3. (2.7) 

The last relation in (2.5) means that the naming of integration variables is 
arbitrary in the path integral. An explicit form of the unitary transformation 
is given by defining 



/ cos^e 
v+{n) = / t 



sm T^e 



-t(p 



-lip 
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in terms of the polar coordinates, rii — |ri| sin^cos(^, 712 ~ |fi| sin ^ sine/?, 
^3 = \n\ cos9. Note that these eigenf unctions, which satisfy 

lxn{T)av±{n) = ±fi\n\v±{n), (2.9) 

are singular at the origin fift = and also contain spurious singularities at 
north and south poles ^. In our choice of the phase convention, we have 
v±{n{0)) = v±{n{(3)) if n(0) = n(/9); it has been explained in detail else- 
where [22] and later in the appendix that the choice of the time-dependent 
phases of these cigcnfunctions is arbitrary due to the hidden local gauge 
symmetry. Then t/(n(r)) is given by a 2 x 2 matrix 

[/(n(r)) = ( v+{n) v.{n) ) . (2.10) 

This unitary transformation keeps the path integral measure invariant 

V^'^V'^ = Vi/j'^Vi/j' (2.11) 

without giving a non-trivial Jacobian for the present two-component problem 
(2.6), as long as U{n{T)) is not singular. The matrix U{n{T)) becomes singu- 
lar at the level crossing point which takes place at //n = in the present case. 
(In terms of the polar coordinates. U{n{r)) at the north or south pole ex- 
hibits spurious singularity.) The treatment in the infinitesimal neighborhood 
of the singularity is discussed later. 

If one defines (in Euclidean metric, but the result is vahd for Minkowski 
metric also) 

vl{n)i-^vn{n) = Ai,{n)hk (2.12) 
where m and n run over ±, we have 



(2.13) 
Note that we have 

Tr[vl{n)i^vn{n)] = ip. (2.14) 

•^In the context of level crossing, it is natural to consider the combination /in by allowing 
the possible time dependence of fJ,{t). If the variable fj,{t)n moves toward the origin during 
a cyclic motion, it implies that the two levels appraoch the level crossing point. 



^++(n)nfe = 



(1 + cos^ . 

2 ^ 
sin 9 , i ■ 



1 — cos 6 . 
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The above relation (2.5) implies the equivalence of two Lagrangians 

L = -^ + V^;i9^V' + V'V^(T) •<?V' (2.15) 

and 

1,2 

L'^-— + i/j^hdr + /xas + U{n{T)yhdrU{n{T)))ij. (2.16) 

The fermionic part of the starting Hamiltonian (2.2) is thus equivalent to ^ 
(by going back to Minkowski metric) 

i^fermion(t) = -^^[/xda + U {n{0-dtU {n{t))\iH\=i]i^ (2.17) 

z 

or in the original notation of (2.1) 

i^fermion = -/^(Tg - [/(n(t) ) ^ -^^^/(/^(t)) | |^j|=i . (2.18) 

The last term in (2.18), which may be understood as a pure gauge term, is 
generally called as "geometric term" for the historical reason. The survival 
of this geometric term in the limit of the large fi limit was interpreted in 
Ref. [18] as an evidence of the failure of the decoupling theorem. The failure 
of the decoupling theorem in the context of quantum anomaly is however 
more involved, as will be explained later. This Hamiltonian (2.18), which 
is exact, carries all the information about the geometric phases as we show 
below; this means that the geometric phases are purely dynamical. 

If one is interested in the lower energy state of the Hamiltonian (2.18), 
one has an approximate Hamiltonian 

Had ^ -i^-iU{n{t)y-dtUin{t))\\ft\=i)++ 

% 

^ (1 + cos 61) . 

= + ^ (2.19) 

by noting (2.13). If is sufficiently large, to be precise for 

2pT > 2Txn, (2.20) 

"^The Legendre transformation from the Lagrangian to the total Hamiltonian is in- 
volved in the presence of the derivative coupling as in the present example (2.16). Thus 
our fermionic Hamiltonian (2.17) is valid only when the variable L or ri(t) is treated as 
a background c-number. This limitation, however, does not influence our analysis of the 
possible connection of the geometric term with the Wess-Zumino term. The analysis of 
geometric term is generally performed in this simplified situation [17]. The second quan- 
tized path integral approach to the geometric term [21] is more flexible for the treatment 
of more general situations. 
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one may neglect the off-diagonal part in the geometric term in (2.18), and 
this Hamiltonian Had provides a good adiabatic approximation to the full 
Hamiltonian. Here T is the period of the slower dynamical system n{t) and 
27r/i stands for the magnitude of the geometric term times T. We empha- 
size that the adiabatic approximation in the present context corresponds to 
throwing away the off-diagonal part in the geometric term, namely, throwing 
away a part of the Hamiltonian. The geometric term in (2.19) is reminiscent 
of a magnetic monopole located in the parameter space at the level cross- 
ing point iin = 0. The fermionic Hamiltonian (2.19) thus gives rise to the 
dynamical phase 

exp{--y^ dt[-fi + h^- ^-<f]} 

ri /■ (1 + cos^) , „ , , 

= exp{-Air -ij ^ >-d^]} (2.21) 

for a cyclic motion of the slower sytem, and the second term gives rise to the 
familiar Berry's phase [18, 10]. 

The last geometric term in (2.18) has an approximate topological property 
around the level crossing point in the practical Born-Oppenheimer approx- 
imation where the period of the slower dynamical system T is finite. This 
fact is understood as follows: For sufficiently close to the level crossing point, 
// ~ but 7^ 0, one has jiT <^ 27r^ instead of (2.20). One may then perform 
a further unitary transformation of the fermionic variable [21] 

i,\t) = umwit), 

i^'ity = r\t)U\e{t)) (2.22) 



with 



in addition to (2.6). The Hamiltonian (2.17) is thus equivalent to (by repeat- 
ing the path integral analysis) 



Hierraionit) = -^J^ [fxU {9{t))^ asU {9{t)) 



+(C/(^(t))C/(n(t)))t^9,(C/(n(t))C/(^(t)))||„-|=i]V' 

-^p^[nu{e{t)yasu{e{t))-h(^i 

+^'f^[t o)^ ^2.24) 
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for // ~ 0, or in the original notation 



/^fermion - ^ Q J " ^^"^^^ 

The geometric phase thus either vanishes or becomes trivial 

exp{-i r ifdt} = exp{-2i7r} = 1 (2.26) 

^0 

in the infinitesimal neighborhood of level crossing. The geometric term is 
thus topologically (i.e., under the continuous variation of the parameter fi) 
trivial for any finite T. At the level crossing point, /i ~ 0, the conventional 
energy becomes degenerate but the degeneracy is lifted when one diagonalizes 
the geometric term. It is important that the additional transformation (2.23) 
depends on the variable 9 only and preserves (2.14). 

Though the geometric phase is topologically trivial in a precise sense, it is 
still interesting that the geometric phase is approximately topological. This 
approximate topological property (of a pure gauge term) is traced to the fact 
that the eigenfunctions in (2.9) are singular on top of the level crossing, i.e., 
the gauge transformation (2.6) is singular, though the singular behavior is 
avoided in the sense of the trivial phase as in (2.25) by defining a suitable 
basis set in the neighborhood of the singularity by a further unitary trans- 
formation. (The above relation (2.24) also shows that if the time variation of 
n{t) is faster than the fermionic variables even for n which is not small, the 
geometric term dominates the //cts term, and the geometric term becomes 
topologically trivial. This is another idication that the geometric term is not 
quite topological, and this observation becomes relevant when one compares 
the geometric phase with the chiral anomaly. ) 

The geometric term corresponds to the normal term not an anomalous 
term in field theory, as we explain in Section 3. The geometric term in the 
present model has nothing to do with the Wess-Zumino term as we under- 
stand it in field theory which is a result of the symmetry breaking by quantum 
effects. To be more precise, (2.5) shows that 

det[hdr + ijLn{T) ■ a] 

= det[U{n{r))^hdr + nn{r) ■ a}U{n{r))] 

= det[hdr + i^as + U(n(r))''hdrU(n(T))]. (2.27) 

The ordinary Wess-Zumino term would manifest itself as an extra phase 
factor on the right-hand side of this relation (see, for example, (3.25)), but 
no such an extra phase in the present example. 
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This analysis of the Wess-Zumino term becomes more transparent if one 

21 



considers H — ^ — fJ,n{t) ■ a + fj,o instead of (2.1), or 



H^^-^^[pin{t)-a-pio]^l^ (2.28) 
instead of (2.2) with a positive constant /iq which satisfies 

Ato > A* (2.29) 

by noting that the absolute value of the energy is not fixed in the present 
quantum mechanical model. This choice incidentally defines a Euclidean 

theory more precisely, as the Hamiltonian becomes positive definite. Then 
the equivalent Hamiltonian (by treating n{t) as a background variable) in 
(2.17) is replaced by 

i?fermion(t) = -^^[/i^s - /iQ + ^7(n(t))^-5tt/(n(t)) 1 1^|=# (2.30) 

or in the original notation of (2.1) 

h 

-f^fermion = -/^as + fjio - U {n{t)y -dtU {n{t))\in\=i- (2.31) 
The adiabatic approximation for the lower energy state |+) is then given by 

Had ^ -fi + i^o-iUini0-dtUinit))\\n\=i)++ 

= _^ + ^„ + fi(l±|^£^^ (2.32) 

and the dynamical phase for the fermionic part is given by 

rT (1 + cos^) 



exp{-- / dt[-ii + i^o + fi 7, m 

n Jo 2 

= exp{-^(/.o -ti)T-ij il±|^d(^]}. (2.33) 



We thus obtain the same geometric phase independently of jiQ. The almost 
topological property of the geometric phase arises from the crossing of two 
levels 

lio±n\n{t)\>Q (2.34) 

at yu|n(t)| = 0; the crossing of positive and negative levels at ^\n{t)\ = 0, 
which is realized when one sets iiq = 0, is not essential for the geometric 
phase. The fact that we can include an arbitrary mass parameter /iq shows 
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that the basic symmetry in the present model is vector-like which contains 
no anomaly, to be consistent with the absence of the non-trivial Jacobian. 
This may be compared to (3.7). 

For the present case (2.28) also, wc have a naive relation 

det [hdr + jinir) • a — ji^] 

= dei[U{n{T))^{ndr + /xn(r) • a - /Xo}?7(n(r))] 

= dei[hdr + Ai(73 - //q + U{n{r))^hdrU{n{T))] (2.35) 

without any extra phase factor which would correspond to the Wess-Zumino 
term. We also have for -fffermion in (2.30) 

(0| exp{-i [' i/fermion(r)rfr}|0) = 1 (2.36) 

n Jo 

for the fermionic vacuum |0) in the second quantized sense defined by 

V^+|0) = V^_|0)-0 (2.37) 

in the adiabatic picture where one can approximately diagonalize the fermionic 
Hamiltonian by treating the variable n{t) as a background c-number. Note 
that the energies of the fermionic states are positive definite with vanishing 
vacuum energy in the adiabatic picture. The important point here is that we 
do not have any extra phase in (2.35), and wc do not have any contribution 
from the fermionic part of the Hamiltonian for the evolution operator (2.36). 
This is consistent with the general relation 

det[ndr + -1^0 + U {n{T))%drU {nij))] 

= Str{exp [- ( 1/^) / -f^fermion (t) C^t] } 

- exp{-^(0|i/fermion|0)/?} = 1 (2.38) 

for /3 — > oo with fixed large ji and /Xq with /jq > fi such that the vacuum with 
vanishing energy is isolated. When one defines the functional determinant 
with periodic boundary conditions, the determinant gives a supertrace. If one 
should have a Wess-Zumino term, the both-hand sides of this relation (2.38) 
would have an extra non-trivial phase factor relative to det[^9i- -|- //ri(r) • a — 
/io]- Sec cq.(3.25). 

Instead of (2.38), one might prefer to consider (2.27) for P large 



det[ndr + nas + U{n{r)yhdrU{n{r))] 
1 ff^ 

~exp{--y^ dT{+\ Hfcrmion\+)} 



,jji(5 . /■ (1 -h COS^) , , ,^ 
exp{^ - I j ^ ^ '-d^} (2.39) 
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with the fermionic Hamiltonian (2.17), for which one-fermion state with up- 

spin gives the energy lower than the vacuum [18]. It thus appears that one 
obtains the geometric term from the fermionic functional determinant in the 
leading term. This relation (2.39) is however ill-defined for /9 — > oo for which 
the geometric (adiabatic) phase is best defined [11]. Also, the vacuum and 
the state | H — ) are degenerate in this case 

exp{- / Cir(+ - |-fffermion| + -)} 

Jo 

= exp{-/ (ir(+|iJfcrmion|+) - / C^T" ( - | iJfcrmion | " ) } 
JO JO 

/(l + cos6'), fif3 /(1-cos^),-, 
= exp{- -^f --f--^f ^ M 

= exp{-i j) dif} = exp{-27ri} = 1. (2.40) 

It should be noted that the geometric terms appear in the sub-leading 
terms in (2.38). In this respect, it is immaterial if the geometric terms ap- 
pear in the leading term or in the sub-leading terms by varying the parameter 
jiQ. The crucial property is that the Wess-Zumino term, if it should exist in 
the present model, should appear multiplying all the terms, not only the 
leading term but also the sub-leading terms in both of (2.38) and (2.39) 
when one starts, respectively, with the left-hand sides of (2.35) and (2.27). 
Obviously, no such a Wess-Zumino term in the present model. This may be 
compared to (3.26). 



3 Field theoretical model; quantum anomaly 

A unitary transformation and induced terms which are analogous to those 
discussed in the preceding section are realized by a field theoretical model 
defined by 

C = i;{x)[i^>'{d^-ieQA^)-mU{n)]ilj{x) 

+ ^TV9^C/(7r)9'^C/(7r)t (3.1) 



where 



and 



U{7r) = e^'^'/f-^^'^"^^^^" (3.2) 
p{x) \ 



i/j{x) 



n(x) I ' 
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In the present field theoretical model, we work in the Euclidean metric with 
Ofiu = (—1, —1, ~1, — !)• In this model p{x) and n{x) stand respectively for 
the idealized proton and neutron which are degenerate in mass, and 7i"'{x) 
stand for the pion fields with cr" standing for the Pauh matrix. An(x) is 
the electromagnetic field. The above Lagrangian is invariant under the elec- 
tromagnetic gauge transformation and also invariant under a global chiral 
SUii'^) X SUr{2) transformation which is weakly broken by the electromag- 
netic interaction. This chiral symmetry becomes explicit by writing the above 
Lagrangian as 

+^Tra^C/(7r)a''[/(7r)t (3.4) 



where 



i'LA^) = (^^)^(^)- (3.5) 



Under the global chiral transformation with global parameters x^T"", 



X 



the Lagrangian is form invariant if one sets e — 0. If one imposes this global 
chiral symmetry, an additional naive mass term mo in (3.1) which is obtained 
by the replacement 

mC/(7r) ^ mo + mC/(7r) (3.7) 

is not allowed. This may be compared to (2.28). 

We now perform a field-dependent unitary transformation 

^{x) = V{n)^'{x) = VR{n)i;'j,{x) + ^^(Tr)^'^^), 

i^ix) = i;'{x)V{7r) = i/;^(x)y«(7r)t + i/;i(x)T4(7r)t (3.8) 

with ^ 

V{7r) = e-(V/075^<'WT«_ ^39) 

^We have ^^(Tr) = cxp{-i-i-7r"r"} and Vl{tt) = exp{i-i-7r"T'^} in the fixed chiral 

frame. If one defines the global chiral transformation law by VlCtt) e~^'^'"^'' Vl{tt) 
and Vii{7r) — > e^^ yff(7r), the transformation law in (3.6) is realized if one imderstands 
that exp{2i-i-7r"r'^} = yL(7r)VR(7r)t and the fermion fields ip' and tp' in (3.8) are not 
transformed under the global chiral transformation. 
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One then naively obtains the result 

J VU{7r)VipViljexp{ J d^xC) 

= j PC/(7r)PV;'PV'exp{ j d^xjC'} 

^ J VU{7r)ViljViljexp{J d'^xC'} (3.10) 



where 



L' = ilj{x)[tY{d^,-teQA^ + V\7r)D^V{7r))-m]ij{x) 

+^Tr9^C/(7r)9^C/(7r)t (3.11) 



with 



D^V{7t) = d^V{n) - ie[QA^, V{n)] (3.12) 

by assuming the invariance of the measure 

Vi/jVTp = Vi/j'Vij'. (3.13) 

We also used the fact that the naming of integral variables is arbitarary in 
the path integral (3.10). 

Here we performed a naive manipulation by ignoring the possible Jacobian 
for the above change of integration variables (3.8). Nevertheless, we obtain 
the term in (3.11), which was called "Dyson term" in the old literature [25, 
26, 27, 28] 

ij{x)i-f''{V\7r)D^V{7r))-4j{x) 

- {l/U)il:{x)r-f,{D^7r{x))ilj{x) (3.14) 

in the order linear in the variables 7r{x) with 7r{x) — 7r"(x)T'" and 

Df,TT{x) = df,7r{x) - ie[QA^,'7T{x)]. (3.15) 

The above naive manipulation suggests the equivalence of the derivative cou- 
pling in C (3.11), 

C ~ {l/U)'4;{x)Yl5dM^)iPi^), (3.16) 
and the pscudoscalar coupling in the starting Lagrangian C (3.1), 

C ~ -2im(l/A)V'(x)757r(x)V^(x), (3.17) 
to the order linear in the pion fields. 
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The derivative coupling in (3.11), which appears sandwiched by fermion 
fields ijj^ and precisely corresponds to the geometric term in (2.16), though 
we here have a four-dimensional derivative instead of the simple time deriva- 
tive in (2.16). Naively, the appearance of the derivative coupling is also 
regarded as a result of the failure of the decoupling theorem for m — > large 
in the sense of Ref.[18], but the actual failure of the decouphng theorem is 
more involved as will be explained later. It is clear that the above operation 
is a naive one and the appearance of the above Dyson term has nothing to do 
with the quantum anomaly. It is well-known that the above two Lagrangians 
(3.1) and (3.11) give rise to quite different predictions for the decay ampli- 
tude 7r° — > 7 -|- 7 in the soft-pion limit, which marked the genesis of the 
modern notion of quantum anomaly [29, 30] . This in particular implies that 



in contrast to (2.27) and (2.35). 

Some of the essential and general properties of the quantum anomalies 
are: 

1. The anomalies are not recognized by a naive manipulation of the classi- 
cal La grangian or action (or by a naive canonical manipulation in operator 
formulation), which leads to the naive Nother's theorem. 

2. The quantum anomaly is related to the quantum breaking of classical 
symmetries (and the failure of the naive Nother's theorem). For example, 
the Gauss law operator (or BRST charge) becomes time-dependent and thus 
it cannot be used to specify physical states in anomalous gauge theory [31]. 

3. The quantum anomalies are generally associated with an infinte number 
of degrees of freedom. The anomalies in the practical calculation are thus 
closely related to the regularization, though the anomalies by themselves are 
perfectly finite. 

4. In the path integral formulation, the anomalies are recognized as non- 
trivial Jacobians for the change of path integral variables associated with 
classical symmetries. 

None of these essential properties are shared with the derivation of ge- 
ometric terms in Section 2. Rather, the geometric term there (2.16) corre- 
sponds to the naive Dyson term in (3.11), which is known to fail to account 
for the whole story of the above chiral transformation. 

To incorporate the anomaly, one needs to evaluate the Jacobian carefully 
for the above chiral transformation (3.8) [32]. One may first rewrite the 
covariant derivative in (3.1) as 



Det[ij^{d^ - ieQA^) - mU{7i)] 

^ Det[i7''(a^ - leQA^ + V\'k)D^V{^)) - m\ 



(3.18) 



(3.19) 
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with 

y=i T'^^a\ (3.20) 

The Wess-Zumino term for the transformation (3.8) then has a well-known 
form [2, 3, 4] 

In J = i j d'^xC 



Wcss — Zumino 



i [ (fx /'cis-^e'^""^tr7r"(a;)T"-^ 



x{l^[U{s)^T^U{s) + U{s)T^U{s)'^]F^,F^p] 

+Aie[F^,ao,ap]} (3.21) 



where 



«a = '-[U{syD^U{s) - U{s){D^U{s)y] (3.22) 

with 

DaU{s) = daU{s) - ^eKT^ U{s)]. (3.23) 

This is obtained by an integral of the Jacobian for the repeated applications 
of the infinitesimal transformation 

V5(x) = ^/(^)e-ici.(i//.)^»WT^"76^ (324) 

and tr stands for the trace over the 2x2 matrices with tYT"'T^ = ^dab- 
In terms of the functional determinant we have ^ 

Det[27'^(a^-ieQA^)-mf/(7r)] 

= Det[iY{d^, - leQA^ + V\'k)D^V{'k)) - m] 

Xexp{i j d^XvC Wess-Zumino} (3.25) 



^In the present chiral SU{2) symmetry, which is anomaly free by itself, no Wess-Zumino 

term arises for 0. For SU{3), for example, one obtains a non-trivial Jacobian or the 

Wess-Zumino term even with = 0, and such a term is shown to exhibit a topological 
property [2, 3]. 
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which may be compared to (2.27). For T — > large (in the present Euchdean 
theory), we have 

Det[i7'^(9^ - leQA^ + V\t:)D^V{t:)) - m\ 

X exp{i j d 2^^Wess— Zumino} 
~ exp{-£'vacT}exp{i j (i*^a;i2wess-Zumino} 

= exp{i j d^XvCwess-Zumino} (3.26) 

for a fixed large m and slowly varying 7r(a;) with periodic boundary condi- 
tions, for which we have a mass gap ~ m and thus the fermionic vacuum 
with vanishing energy is isolated. This relation may be compared to (2.38). 
In the order linear in the pion fields, we have the Jacobian 

InJ = I j d'xj{iiT^T^)Tx\x)^^t^'-^F,,F^p 

^ i J d^:cjT^o^:,)A_,^--PF^,F^p. (3.27) 

It is well known that this Wess-Zumino term (3.27) when added to the La- 
grangian C in (3.11) 

j d X^C -\- ^Wess— Zumino] 

' d*x{l/U)7i\x)d^[i,{x)Yl^T^i'{x)] 

+ / d^x^7r°(x)-^e'^-^F^,F,^ (3.28) 

correctly describes the decay 7r° — 7 + 7 in the soft-pion limit [29, 30] in 
agreement with the result on the basis of (3.1). In the operator notation, 
this equivalence is expressed as the relation 

dS{x)'y>'^5T'iP{x)] = 2tm[ilj{x)'y,T^iP{x)] + t^e'^"''^ F^^F^p (3.29) 

which expresses the failure of the naive Nother's theorem for the exact global 
chiral symmetry generated by 75T'^. 

It is instructive to see in detail how this equivalence in the decay tt" —>■ 
7 + 7 is achieved. We consider two distinct cases: 
(i)m y^O 

In this case, the operator ['i(j[x)'y'^^5T^ilj{x)] in (3.28) is free of infrared sin- 
gularity in the soft-pion limit, namely, for the four- momentum of the pion 
Pn ~ 0. Thus the first term in (3.28) vanishes in the soft-pion limit 

lim / d''xe'P^'"'dM(xh^^5T^tp(x)] = (3.30) 
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and the second anomaly term gives the same result as the pseudo-scalar 
coupling in (3.17). 
(ii) 171 = 

This case is singular from the point of view of spontaneously broken chiral 
symmetry. Nevertheless, in this case, which corresponds to the case = in 
(2.2), the pseudo-scalar coupling in (3.17) vanishes. On the other hand, the 

current [ilj{x)'~f^^^T^ilj{x)] becomes singular in the soft-pion limit but still one 
can use the operator relation (3.29) with m = in (3.28) and the two terms 
in (3.28) cancel each other, to be consistent with the vanishing pseudo-scalar 
coupling in (3.17). 

We emphasize that the derivation of the chiral anomaly does not depend 
on the relative magnitude of m, which is analogous to n in (2.2), and the 
frequency of the external variables such as the gauge field, but rather depends 
on the relative magnitude of the cut-off mass M, such as the Pauli-Villars 
regulator mass which can be chosen to be arbitrarily large, and the frequency 
of the external variables. This is quite different from the case of the geometric 
phase where the parameter /x, which corresponds to m, directly enters the 
criterion of the adiabatic approximation in (2.20) where 1/T corresponds to 
the frequency of the external variables. Because of this difference, the failure 
of the decoupling theorem in the chiral anomaly is stated precisely as follows: 
The derivative couphng term in (3.28), which corresponds to the geometric 
term in (2.16), vanishes for m ^ oo [1], and the anomaly term balances the 
pseudo-scalar term in (3.17) which does not vanish in the limit. 

The discovery of the chiral anomaly is based on the recognition that 
the naive Dyson's relation, namely the naive equivalence between (3.1) and 
(3.11), inevitably fails in gauge field theory, and one needs to include an 
extra Jacobian (or Wess-Zumino term). 

4 Discussion 

Wc have explained the basic differences between the geometric phase and 
the quantum anomaly by analyzing the concrete model due to Stone and a 
corresponding model in field theory which contains a true quantum anomaly. 
The only similarity between the geometric phase in the adiabatic approxi- 
mation and the Wess-Zumino term is that both of them exhibit topological 
properties under certain limiting conditions. 

In contrast, the differences are more profound and fundamental. Firstly, 
the geometric phase arises from the naive rearrangement of terms inside 
the fermionic operator sandwiched by and ip, whereas the Wess-Zumino 
term associated with quantum anomaly arises from the Jacobian, namely, a 
completely new additional part to the Lagrangian. Secondly, the geometric 
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phase is recognized only when one throws away a part of the original Hamilto- 
nian in the adiabatic approximation, whereas the quantum anomaly is exact 
without any approximation. The Born-Oppenheimer approximation in the 
geometric phase means a neglect of a part of the Hamiltonian, whereas the 
Born-Oppenheimer approximation in the quantum anomaly, if any [24] , is ac- 
tually not an approximation; this is obvious in the path integral formulation 
of quantum anomalies where the Born-Oppenheimer approximation simply 
means a specific order of path integration, namely, one first integrates over 
fermions with fixed bosonic (such as gauge or Nambu-Goldstone) variables 
and then one integrates over bosonic variables later. The path integral over 
the fermionic variables, which are quadratic, can be performed exactly and 
the Wess-Zumino term is induced by this fermionic path integral; in this 
sense no approximation is invloved in the analysis of the chiral anomaly, 
though the path integral of bosonic variables in the non-linear effective chi- 
ral model in Section 3 is not renormalizable. Because of this difference, 
the topological property of the geometric phase is inevitably trivial in the 
practical Born-Oppenheimer approximation for any finite time interval T if 
one deals with the exact Hamiltonian, whereas the topology in the quantum 
anomaly, which is basically a short distance phenomenon in four-dimesional 
space-time, is exact once its existence is established since no approximation 
is involved. 

One may still wonder, if our assertion is valid, what then happens with the 
analysis by Nelson and Alvarez-Gaume [24] where a precise analogy between 
the quantum anomaly in the Hamiltonian interpretation and the geometric 
phase is forcefully argued. We beheve that all what are said about the chiral 
anomaly there [24] are correct. We also beheve that they can perform all 
of their analyses of the chiral anomaly without referring to the geometric 
phase in quantum mechanics. The pair production picture in [24] is based 
on the fact that one can arrive at the level crossing point with vanishing 
energy at a fixed well-defined time to- This means the failure of the naive 
adiabatic picture as is emphasized in [24]. On the other hand, the validity 
of the topological property of the geometric phase is based on the condition 
that we never approach the level crossing point for any finite t, namely, on 
the strict validity of the adiabatic picture. The topological property of the 
geometric phase cannot be used in the context of the analysis in [24] . If one 
arrives at the level crossing at finte t — to, for example, one can suitably re- 
define the time variable and smoothly deform the background variable such 
that the period T of the background variable is finite. This is generally the 
case in the mathematical analysis of the index theorem [36] which is based 
on the compact Euclidean space-time such as 5"^. For a finite time interval 
T, the topological property of the geometric phase, such as the topological 
proof [12] of the Longuet-Higgins phase change rule, fails as we have shown 
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elsewhere [21] and also in Section 2 of the present paper. The topological 
property of the geometric phase crucially depends on the very precise defini- 
tion of the adiabatic approximation; the movement of the external parameter 
must be infinitely slow, i.e., not only the period T — > oo but also the variation 
of the background variable at each moment is negligible [11]. 

As is clear in the analysis in [24] , the quantum anomaly influences all the 
states of the Fock space equally, whereas the geometric phase appears only in 
the specific states of the Fock space and docs not infiuence the vacuum state. 
The form of the geometric phase is also state-dependent. See eq.(2.38). Also, 
the geometric phase is indepedent of the parameter hq as in (2.33), whereas 
the analysis of quantum anomaly in [24] crucially depends on the crossing of 
vanishing eigenvalues in chiral gauge theory which corresponds to the specific 
choice yUg = in the context of the model in Section 2. The general level 
crossing problem in the context of geometric phases is regarded to be related 
to the vector-hke transformation as is seen in (2.33) and (2.35). See also 
(A. 9). In contrast the chiral symmetry, not the vector- like symmetry, is 
crucial in the analysis of the anomaly. The level crossing by itself has no 
connection to the anomaly. 

We also note that all the properties of the chiral anomaly are understood 
in terms of the Green's functions instead of going to the S-matrix. The 
Green's functions are the statements about the local properties of field theory 
unlike the S-matrix which involves a subtle limit of the infinite time interval 
in field theory. The global SU (2) anomaly by Witten [33] may appear to 
depend on the infinite time interval to some extent, but we note that the 
global SU (2) anomaly is also known to be described by the Wess-Zumino 
term related to the group SU (3), which is defined in the framework of Green's 
functions, in a suitable fomulation of the problem [34, 35]. The quantum 
anomaly, as we understand it in gauge field theory, is a precise statement 
and as such it should not depend on the technical details of the adiabatic 
approximation, unlike the case of the geometric phase associated with level 
crossing in quantum mechanics. 

There are well-known odd-dimensional cousins of chiral anomalies, namely, 
the Chern-Simons terms which exhibit topological properties. The Chern- 
Simons terms induced by fermions, which are sometimes called parity anomaly, 
or added by hand are closely related to the chiral anomaly not only by the de- 
scent formula [2, 3] or dimensional reduction but also in the explicit Feynman 
diagramatic calculations. If one provides a precise definition of the geometric 
(or Berry) phase in general field theoretical contexts, possibly asking some 
association with level crossing and adiabaticity as minimal requirements, it 
would be possible to analyze the relation between the Berry phase and the 
odd-dimensional cousins of chiral anomaly. 

As an explicit example of the geometric phase in realistic condensed mat- 
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ter physics, we mention the recent works on anomalous Hall effect [37]. In 
those works, readers will find that all the basic ingredients of the geometric 
(or Berry) phase, such as level crossing, adiabaticity and approximate topol- 
ogy, are contained. This class of models are included in the general model in 
Appendix of the present paper, and thus our analysis in the present paper is 
applicable to them. 

Finally, we note that the Aharonov-Bohm phase is topologically exact 
even for a finite time interval T unlike the geometric phase. The Aharonov- 
Bohm effect contains an extra dynamical freedom, namely, the electromag- 
netic potential which is time-independent, and the space for the Aharonov- 
Bohm effect is not simply connected. None of these crucial features are 
shared with the geometric phase, though certain feature of the Aharonov- 
Bohm effect is known to be shared with the geometric phase [10]. We think 
that a clear distinction between the Aharonov-Bohm phase and the geomet- 
ric phase is also important, since the notion of winding number is defined 
for the Aharonov-Bohm phase whereas no notion of winding number in the 
geometric phase for any finite time interval T as the topology is trivial. 

5 Conclusion 

The model in Ref. [18], which is essentially identical to the simplest example 
discussed by Berry in his original paper [10], shows that the Berry phase 
associated with level crossing gives the topological phase for certain states in 
the Fock space in the precise adiabatic limit. The phase factor has the same 
form as the anomaly-induced Wess-Zumino term appearing in certain field 
theoretical models. The key concepts involved in the model, namely, the level 
crossing, topology and adiabatic approximation also appear in the Hamilto- 
nian analysis of chiral anomahes by Nelson and Alvarez-Gaume [24]. This 
fact led to an expectation that the very basic mechanism of chiral anomalies, 
which have been established by the efforts of various authors, notably by 
Bell and Jackiw [29] and Adler [30], may be identified with the basic mech- 
anism of the adiabatic Berry phase related to level crossing in the simple 
Schrodinger problem. What we have shown in the present paper is that this 
expectation is not realized, and the similarity between the two is superfi- 
cial. We have first explained the difference between the two on the basis of 
general characteristics of chiral anomaly, such as the failure of the naive ma- 
nipulation and the failure of the decoupling theorem, by using two explicit 
examples in Sections 2 and 3. Our conclusion is valid for a more general 
class of level crossing problems summarized in Appendix. We then explained 
the difference between the two from the point of view of level crossing and 
topology. The difference between the chiral anomaly and the Berry phase is 
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simply stated as follows: The topology of gauge fields leads to level crossing 
in the fermionic sector in the case of chiral anomaly and the failure of the 
adiabatic approximation is essential in the analysis, whereas the (potential) 
level crossing in the matter sector leads to the topology of the Berry phase 
only when the very precise adiabatic approximation holds. These two cannot 
be compatible with each other. 

In the early literature on the geometric phase, the similarity between the 
geometric phase and the quantum anomaly, though rather superficial one, 
was emphasized [38] . That analogy was useful at the initial developing stage 
of the subject. But in view of the wide use of the terminology "geomet- 
ric phase" in various fields in physics today [39], it is our opinion that a 
more precise distinction of various loosely related phenomena is also desir- 
able. To be precise, what we are suggesting is to call chiral anomaly as chiral 
anomaly, Wess-Zumino term as Wess-Zumino term, Chern-Simons term as 
Chern-Simons term, and Aharovov-Bohm phase as Aharonov-Bohm phase, 
etc., since those terminologies convey very clear messages and well-defined 
physical contents which the majority in physics community can readily recog- 
nize. Even in this sharp definition of terminology, one can still clearly identify 
the geometric (or Berry) phase and its physical characteristics, which cannot 
be described by other notions, as the concrete physical example in Ref. [37] 
suggests. 

We believe that a sharp definition of the scientific term "geometric phase" , 
probably by asking some association with level crossing and adiabaticity 
as minimal requirements, is also important for those experts working on 
the geometric phase itself, since then the wider audience can easily identify 
the phenomena, which are intrinsic to the geometric phase and cannot be 
described by other notions, and consequently they will appreciate more the 
usefulness of the geometric phase. 

A General Level Crossing Problem 

The general geometric phase associated with any level crossing in the second 
quantized formulation exhibits the same topological properties as the specific 
example in Section 2; approximate monopole-like behavior in the adiabatic 
approximation but actually topologically trivial in the infinitesimal neigh- 
borhood of level crossing for any finite time interval T. This property may 
be relevant to the analysis in Ref. [19], where the geometric phase is used 
as an analogue of the Wess-Zumino term, and we sketch the analysis of the 
general level crossing [21, 22] in this appendix: 

We start with the generic hermitian Hamiltonian 

H^H$Xx{t)) (A.l) 
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for a single particle theory in the background variable X{t) — {Xi{t), X2{t), ...). 
The path integral for this theory for the time interval <t <T in the second 
quantized formulation is given by 

Z = J Vi/j^Vi/jexpi^ dtd^x[ilj*{t,x)ih^ilj{t,x) 

-nt, ^)H{^-^, X, X{tmt, x)]}- (A.2) 
We then define a complete set of eigenfunctions 

H{^^,x,X{0))un{x,X{0)) = A„ti„(f,X(0)), 

J d^xu*^{x, X{0))u^{x, X{0)) = Snm, (A.3) 



and expand 



We then have 



^lj(t,x) = ^a„(i)ii„(f,X(0)). (A.4) 



Vip-'Vij; = J] ValVan (A.5) 

n 

and the path integral is written as 

Z = Jl[ValVanexp{^£ dt[Y,al{t)ih^^an{t) 

-J2<mnm{X{t))a^m (A.6) 

n,m 

where 

Enm{X{t)) = j d'xul{x,X{0))H{^—,x,X{t))um{x,X{0)). (A.7) 
We next perform a unitary transformation 

an = YlU{X{t))nmbm (A.8) 
m 

where 

U{X{t))nm = J d'xuUx, X{0))Vm{x, X{t)) (A.9) 

with the instantaneous eigenfunctions of the Hamiltonian 

H{^^, X, X{t))Vr,{x, X{t)) = £r^{X{t))Vr^{x, X{t)), 

I d^XV*{x, X{t))Vm{x, X{t)) = Sn,m. (A.IO) 
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We can thus re-write the path integral as 



T Pi 

j ^VhlVhr.e^v{\l dt[^hl{t)in-hn{t) 

+Y.Kmn\^^\m)hM-Y.Kmn{x{t))h^m (a.h) 

n,m n 

where the second term in the action, which is defined by 

d'xvl{x,X{t))ih^^v^{x,X{t)) = {n\th^^\m), (A.12) 

stands for the geometric term. We take the time T as a period of the variable 
X{t). The adiabatic process means that T is much larger than the typical 
time scale /i/A£„(X(t)). The result (A. 11) is also directly obtained by the 
expansion 

ij{t,x) ^^bn{t)Vn{x,X{t)). (A.13) 

n 

In the operator formulation, we thus obtain the effective Hamiltonian 
(depending on Bose or Fermi statistics) 



Heffit) = ^bi{t)£^{X{t)%{t) 

d 



Y,bUt){n\zh^\m)br^{t) (A.14) 



n,m 



with [6„(t), 6j„(t)]zp = Sn,m- All the information about geometric phases is 
included in the effective Hamiltonian and thus geometric phases are purely 
dynamical. 

When one defines the Schrodinger picture Heffit) by replacing all bn{t) by 
bn{0) in Heff{t), the second quantization formula for the evolution operator 
gives rise to [21, 22] 

(m|r*exp{-^ fneff{t)dt]\n) 
n Jo 

= (m(t)|T*exp{-^ f H{f,S,X{t))dt}\n{0)) (A.15) 

where T* stands for the time ordering operation, and the state vectors in 
the second quantization on the left-hand side arc defined by \n) = 6jj(0)|0), 
and the state vectors on the right-hand side stand for the first quantized 
states defined by {x\n{t)) = Vn{x, {X{t)). Both-hand sides of the above 
equality (A.15) are exact, but the difference is that the geometric term, both 
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of diagonal and off-diagonal, is explicit in the second quantized formulation 
on the left-hand side. 

The probability amplitude which satisfies Schrodinger equation is given 

by 

MS,t;X{t)) = {Om,x)bi{0)\0) (A.16) 

since ihdtip — Hip in the present problem. In the adiabatic approximation, 
where we assume the dominance of diagonal elements, we have (see also [15]) 

il:n{x,t;X{t)) 

= ^ Vm{x; X{t)){m{t)\T* exp{-^ /* H$, f , X{t))dt}\n{0)) 
^J2'>'m{x;X{t)){m\T*exp{-^ f n,jj{t)dt}\n) 

m rl Jo 

~ Vr,{x;X{t))eM-l I [En{X{t)) - {n\tn-\n)]dt}. (A.17) 
by noting (A. 15). 

The path integral formula (A. 11) is based on the expansion (A. 13) and the 
starting path integral (A. 2) depends only on the field variable ■ip{t, x), not on 
{bn{t)} and {vn{x,X{t))} separately. This fact shows that our formulation 
contains an exact hidden local gauge symmetry 

Vn{S,X{t)) ^ v'^{t; x,X{t)) = e^""W^;„(a;,X(t)), 

Kit) KXt) = e-^""W6„(t), n = 1, 2, 3, (A.18) 

where the gauge parameter «„(t) is a general function of t. One can confirm 
that the action and the path integral measure in (A. 11) are both invariant 
under this gauge transformation. This local symmetry is exact as long as 
the basis set is not singular, and thus it is particularly useful in the general 
adiabatic approximation defined by the condition that the basis set (A. 10) 
is well-defined The specific basis set (A. 10) becomes singular on top of 
level crossing. Of course, one may consider a new hidden local gauge sym- 
metry when one defines a new regular basis set in the neighborhood of the 
singularity, and the freedom in the phase choice of the new basis set persists. 

The above hidden local gauge symmetry (A.18) is an exact symmetry of 
quantum theory, and thus physical observables in the adiabatic approxima- 
tion should respect this symmetry. Also, by using this local gauge freedom, 

^This symmetry is a statement that the choice of the coordinates in the functional space 
is arbitrary in field theory. This symmetry by itself does not imply any conservation law. 
If one neglects the off-diagonal parts of the geometric term, the theory becomes invariant 
under bn{t) b'^ = e~^°'"bn{t) for a constant a„ with fixed Vn{x,X{t)), and then the 
symmetry implies a (rather trivial) conservation law, namely, no level crossing. 
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one can choose the phase convention of the basis set {vn{t, x, X{t))} at one's 
will such that the analysis of geometric phases becomes simplest. 

Our next observation is that iljn{x,t; X[t)) transforms under the hidden 
local gauge symmetry (A. 18) as 

iP'^ix, t; X{t)) = e-"(°)^„(f , t; X{t)) (A.19) 

independently of the value of t. This transformation is derived by using the 
exact representation (A. 16). This transformation is explicitly checked for the 
adiabatic approximation (A. 17) also. 
Thus the product 

M^, 0; X(0))>„(f , T; X(T)) (A.20) 

defines a manifestly gauge invariant quantity, namely, it is independent of 
the choice of the phase convention of the complete basis set {vn{t, x, X{t))}. 
One may employ this (rather strong) gauge invariance condition as the basis 
of the analysis of geometric phases, which is shown to replace the notions 
of parallel transport and holonomy [22]. Our hidden local gauge symme- 
try is a symmetry of quantum theory and that the Schrodinger amplitude 
%l)n{x,t] X{t)) stays in the same ray under an arbitrary hidden local gauge 
transformation of the basis set as is shown in (A.19). 

For the adiabatic formula (A. 17), the gauge invariant quantity (A.20) is 
given by 

V'„(f,0;X(0))*Vn(f,T;X(T)) 
= ^;„(0,f;X(0))X(r,f;X(r)) 

X exp{-^ r[Sn{X{t)) - {n\m^\n)\dt} (A.21) 
n Jo ot 

where we used the notation Vn{t,x;X(t)) to emphasize the use of arbitrary 
gauge in this expression. We then observe that by choosing the gauge such 
that Vn{T, f ; X(T)) = w„(0, x; X(0)) the prefactor v„(0, f ; X(0))X(r, f ; X(T)) 
becomes real and positive. Note that we are assuming the cyclic evolution 
of the external parameter, X{T) — X{0). Then the factor 

exp{-^ 1^ [£n{X{t)) - {n\th-\n)]dt} (A.22) 

extracts all the information about the phase in (A.21) and defines a physical 
quantity. After this gauge fixing, the above quantity (A.22) is still invari- 
ant under residual gauge transformations satisfying the periodic boundary 
condition a„(0) = q;„(T), in particular, for a class of gauge transformations 
defined by Q;„(X(t)). Note that our gauge transformation in (A. 18), which 
is defined by an arbitrary function Q;„(t), is much more general. 
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In the analysis of the behavior in the infinitesimal neighborhood of a 
specific level crossing, one may truncate the above general model to a two- 
level model containing the two levels at issue, and the present formulation 
(A. 14) is essentially reduced to the model (2.17) or (2.18); one then finds 
the same approximate topological property for any finite T as in the model 
(2.17). This is explained in detail in Ref. [21]. 

Based on the above general analysis, the essence of geometric phase may 
be summarized as follows: One obtains an interesting universal view such as 
in (A. 22) about various level crossing problems by making an approximation 
(adiabatic approximation), which is not clearly seen in the exact treatment 
on the right-hand side of (A. 15). 
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